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Non-classicality criteria: Glauber–Sudarshan P function andMandelQM parameter
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ABSTRACT
We calculate exactly the quantummechanical, temporalWigner quasiprobability density for a single-
mode, degenerate parametric amplifier for a system in the Gaussian state, viz., a displaced-squeezed
thermal state. The Wigner function allows us to calculate the fluctuations in photon number and
the quadrature variance. We contrast the difference between the non-classicality criteria, which is
independent of the displacement parameter α, based on the Glauber–Sudarshan quasiprobability
distribution P(β) and the classical/non-classical behaviour of the Mandel QM(τ ) parameter, which
depends strongly on α. We find a phase transition as a function of α such that at the critical point αc ,
QM(τ ), as a function of τ , goes from strictly classical, for |α| < |αc |, to a mixed classical/non-classical
behaviour, for |α| > |αc |.
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1. Introduction

The generation of non-classical radiation fields, e.g.
quadrature-squeezed light, photon antibunching, sub-
Poissonian statistics, establishes the discrete nature of
light and serves to study fundamental questions regard-
ing the interaction of quantized radiation fields with
matter (1).

In a recent work (2), a detailed study was made of
the temporal development of the second-order coherence
function g (2)(τ ) for Gaussian states – displaced-squeezed
thermal states – the dynamics of which is governed by
a Hamiltonian for degenerate parametric amplification.
The time development of the Gaussian state is generated
by an initial thermal state and the system subsequently
evolves in timewhere the usual assumption of statistically
stationary fields is not made.

Non-classicality were observed (2) for various values
of the parameters governing the temporal development
of the coherence function g (2)(τ ) – such as the coherent
parameter α, squeeze parameter ξ and the mean photon
number n̄ of the initial thermal state. Our characteriza-
tion of non-classicality was based solely on the coherence
function violating inequalities satisfied by the classical
correlation functions.

More recently (3), we dwelt into the notion of non-
classicality based on the characteristic function χ(η) and
its two-dimensional Fourier transform to determine the
existence or non-existence of the quasiprobability distri-
bution P(β) of the Glauber–Sudarshan coherent or P-
representation of the density of state. It was shown (3)
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that the non-classicality criteria for the radiation field,
based on the one-time functionP(β), cannot characterize
the classical, quantummechanical or mixed nature of the
dynamical system as attested by the temporal behaviour
of the two-time g (2)(τ ) function.

It is interesting that an analogous result was also ob-
tained recently where it is argued that negative full count-
ing statistics captures non-classicality in the dynamics of
the system in contrast to more conventional quasiprob-
ability distributions that captures non-classicality in the
instantaneous state of the system (4).

It is important to distinguish the non-classicality cri-
teria for the radiation field, for instance, coherent states
and Fock states, which is based on the P function of
the Glauber–Sudarshan representation and that based
on the Mandel QM parameter. The Mandel parameter
involves the expectation values of photon operators in the
radiation field and gives rise tomeasurable quantities and
a non-classical field is associated with distributions that
are narrower than Poissonian distributions. For coherent
states, like classical states with well-defined amplitudes
and phase, the P function is a Dirac δ function whereas
the P function, e.g. for and n-photon state is highly singu-
lar – more singular than a Dirac δ function. The Mandel
parameter assumes the value QM = −1 for Fock states,
eigenstates of the photon-number operator, which is the
extreme value of the non-classicality criteria−1 ≤ QM <
0 but QM = 0 for a coherent field. The negativity of QM
is a sufficient condition for the field to be non-classical.
However, if QM > 0, no conclusion can be drawn about
non-classicality.

© 2017 Informa UK Limited, trading as Taylor & Francis Group
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2 M. ALEXANIAN

In this paper, we show that the non-classicality cri-
teria based on the one-time P(β) function cannot even
characterize the classical/non-classical behaviour of the
one-time Mandel QM(τ ) parameter as a function of τ .

Generic compact expressions for the Wigner func-
tion for the one-mode electromagnetic field for general
mixed Gaussian quantum states are well-known (5). The
Wigner function is given in terms of five real parameters,
viz. three of them are the variances and the covariance
of photon quadrature components, while two others are
the means of the quadratures. Of course, the importance
of the present work is the exact time development of
the dynamical system governed by a Hamiltonian for
degenerate parametric amplification giving the explicit
time dependence of all those five real parameters without
assuming statistically stationary fields.

We consider, in Section 2, the general Hamiltonian
of the degenerate parametric amplifier and present the
result for the quantum degree of second-order coherence
g (2)(τ ) of Ref. (2). In Section 3, we give an explicit expres-
sion of the exact, time-dependentWigner quasiprobabil-
ity density. In Section 4, the use is made of the Wigner
function to calculate the field-quadrature variance. Sec-
tion 5 gives the results for the photon-number variance.
In Section 6, we present the differing criteria for non-
classicality. In Section 7, we compare numerically the
behaviour of the Mandel parameter and determine the
existence of a phase transition. Section 8 summarizes our
results. In Appendix 1, we give an explicit expression for
the Wigner function in terms of the quadrature com-
ponents xλ and xλ+π/2 and express it in a form akin to
the generic expression for the general mixed Gaussian
quantum states. Finally, in Appendix 2, we present the
relevant mathematical expressions that characterize the
phase transition.

2. Degenerate parametric amplification

The Hamiltonian for degenerate parametric amplifica-
tion, in the interaction picture, is:

Ĥ = câ†2 + c∗â2 + bâ + b∗â†. (1)

The radiation field is initially in a thermal state ρ̂0 and
after a preparation time t, the radiation field develops in
time into a Gaussian state and so (2)

ρ̂G = exp ( − iĤt/�)ρ̂0 exp (iĤt/�) (2)

= D̂(α)Ŝ(ξ)ρ̂0Ŝ( − ξ)D̂( − α),

with the displacement D̂(α) = exp (αâ† − α∗â) and the
squeezing Ŝ(ξ) = exp

(− ξ
2 â

†2 + ξ∗
2 â

2) operators, where

â (â†) is the photon annihilation (creation) operator,
ξ = r exp (iθ), and α = |α| exp (iϕ). The thermal state is
given by:

ρ̂0 = exp ( − β�ωn̂)/Tr[exp ( − β�ωn̂)], (3)

with n̂ = â†â and n̄ = Tr[ρ̂0n̂] .
The parameters c and b in the degenerate parametric

Hamiltonian (1) are determined (2) by the parameters α

and ξ of the Gaussian density of state (2) via

tc = −i
�

2
r exp (iθ) (4)

and

tb = −i
�

2

(
α exp ( − iθ) + α∗ coth (r/2)

)
r, (5)

where t is the time that it takes the radiation field gov-
erned by the Hamiltonian (1) to generate the Gaussian
density of state ρ̂G from the initial thermal density of
state ρ̂0.

The quantummechanical second-order, degree of co-
herence is given by (2):

g (2)(τ ) = 〈â†(0)â†(τ )â(τ )â(0)〉
〈â†(0)â(0)〉〈â†(τ )â(τ )〉 , (6)

where all the expectation values are traces with the
Gaussian density operator, viz., a displaced-squeezed
thermal state. Accordingly, the radiation field is initially
in the thermal state ρ̂0. After time t, the radiation field
evolves to the Gaussian state ρ̂G and a photon is annihi-
lated at time t, the system then develops in time and after
a time τ another photon is annihilated (2). Therefore,
two photon are annihilated in a time separation τ when
the radiation field is in the Gaussian density state ρ̂G.

It is important to remark that we do not suppose
statistically stationary fields. Therefore, owing to the τ

dependence of the number of photons in the cavity in the
denominator of Equation (6), g (2)(τ ) asymptotically, as
τ → ∞, approaches a finite limit without supposing any
sort of dissipative processes (2). The coherence function
g (2)(τ ) is a function of�τ = (r/t)τ , α, ξ and the average
number of photons n̄ in the initial thermal state (3),where
the preparation time t is the time that it takes the system
to dynamically generate the Gaussian density ρ̂G given
by (2) from the initial thermal state ρ̂0 given by (3).
Note that the limit r → 0 is a combined limit whereby
� = r/t also approaches zero resulting in a correlation
functionwhich has a power law decay as τ/t → ∞ rather
than an exponential law decay as τ/t → ∞ as is the case
in the presence of squeezing when r > 0 (2).
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3. Wigner quasiprobability density

Thedynamics of the system is governed by the degenerate
parametric amplification Hamiltonian (1) that generates
the Gaussian state ρ̂G from the initial thermal state ρ̂0
and subsequently determines the temporal behaviour of
the system (2). One has that

ρ̂(t + τ) = exp
( − iĤ(t + τ)

)
ρ̂0 exp

(
iĤ(t + τ)

)
(7)

= exp ( − iĤτ)ρ̂G exp (iĤτ),

with the aid of (2). Accordingly, for any operator function
Ô(â, â†),

Tr[ρ̂(t + τ)Ô(â, â†)] = Tr[ρ̂GÔ(
â(τ ), â†(τ )

)] (8)

≡ 〈Ô(
â(τ ), â†(τ )

)〉.
One obtains for the characteristic function (3)

χ(η) = Tr[ρ̂(t + τ) exp (ηâ† − η∗â)] exp (|η|2/2)

= Tr[ρ̂(t + τ) exp (ηâ†) exp ( − η∗â)]

= exp (|η|2/2) exp (
ηA∗(τ ) − η∗A(τ )

)
(9)

× exp
( − (n̄ + 1/2)|ξ(τ )|2),

where

A(τ ) = α

(
cosh (�τ) + 1

2
coth (r/2) sinh (�τ)

−1
2
( cosh (�τ) − 1) + exp[i(θ − 2ϕ)]

[
− 1

2
sinh (�τ)

(10)

−1
2
coth (r/2)

(
cosh (�τ) − 1

)])

and

ξ(τ ) = η cosh (�τ+r)+η∗ exp (iθ) sinh (�τ+r), (11)

with the displacement parameter α = |α|eiϕ , the squeez-
ing parameter ξ = reiθ and t representing the time it
takes the radiation field to dynamically evolve from the
thermal state ρ̂0 to the Gaussian state ρ̂G.

Define

|ξ(τ )|2 = η2T∗(τ ) + η∗2T(τ ) + ηη∗S(τ ), (12)

with
T(τ ) = 1

2
exp (iθ) sinh[2(�τ + r)] (13)

and
S(τ ) = cosh[2(�τ + r)]. (14)

The Wigner function (1) is defined by:

W(β) = 1
π2

∫
dη2χ(η)e−|η|2/2 exp ( − β∗η + βη∗).

(15)
Note the presence of the factor e−|η|2/2 in the Wigner
function (15), which is absent in the definition of the
quasiprobability distributionP(β) given in Equation (16)
of Ref. (3).

The integral (15) can be carried out for the character-
istic function (9) and so

W(β) = 2
π

1√
4a2b2 − c2

e−(a2f 2+b2d2+cfd)/(4a2b2−c2),

(16)
where

a2 = (n̄ + 1/2)
(
T(τ ) + T∗(τ ) + S(τ )

)
,

b2 = −(n̄ + 1/2)
(
T(τ ) + T∗(τ ) − S(τ )

)
,

c = −2i(n̄ + 1/2)
(
T∗(τ ) − T(τ )

)
, (17)

d = i(A(τ ) − A∗(τ ) − β + β∗),

f = A(τ ) + A∗(τ ) − β − β∗.

Note the absence of the term − 1
2 in both a2 and b2

in (17) which terms appear in the expression for the
quasiprobability distribution P(β) as given by Equation
(18) in Ref. (3). The absence of such terms has quite an
important consequence for the non-classicality criteria
based on the Wigner function.

The existence of a real-valued functionW(β) requires

(4a2b2 − c2) = 4(n̄ + 1/2)2 ≥ 0, (18)

with the aid of (17), which is obviously satisfied.
The existence ofW(β) requires, owing to the normal-

ization condition
∫
W(β)dβ2 = 1, that W(β) → 0 as

|β| → ∞. The bilinear form (a2f 2 + b2d2 + cfd) in the
exponential in (16) can be diagonalized in the variables
�(A(τ ) − β) and �(A(τ ) − β) resulting in the eigenval-
ues (n̄+1/2) exp

(−2(�τ+r)
)
and (n̄+1/2) exp

(
2(�τ+

r)
)
that must be non-negative, which is obviously so for

0 ≤ τ < ∞. Accordingly, the Wigner function W(β) >
0. The positive definiteness of W(β) does not preclude,
however, quantum behaviour in the field-quadrature and
photon-number variances.

The displaced thermal state follows directly from (16)
in the limit r → 0, where � = r/t → 0, and soW(β) =
(1/(π(n̄+ 1/2)) exp ( − |β − α|2/(n̄ + 1/2)). The result
for the coherent state follows with n̄ = 0 and for the
thermal state with α = 0.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
N

or
th

 C
ar

ol
in

a 
W

ilm
in

gt
on

] 
at

 1
0:

53
 1

1 
Se

pt
em

be
r 

20
17

 



4 M. ALEXANIAN

One can express the Wigner function W(β) in terms
of quadratures of the field and so

W(xλ, xλ+π/2) = 1
2π2

∫ ∞

−∞
dσ

∫ ∞

−∞
dκei(σxλ+κxλ+π/2)

× Tr[ρ̂(t + τ)e−i(σ x̂λ+κ x̂λ+π/2)] (19)

= 1
π

1√
4a2b2 − c2

× e−(a2f 2+b2d2+cfd)/(4a2b2−c2),

where the factor 1/π in (19), as compared to the factor
2/π in (16), is a direct consequence of the change of
integration variables η = (κ − iσ)eiλ/

√
2 from (15) to

(19) whereby (d�η)(d�η) = 1
2 (dσ)(dκ). The quadra-

ture variables are:

xλ = βe−iλ + β∗eiλ√
2

xλ+π/2 = βe−iλ − β∗eiλ√
2i

,

(20)
where

β + β∗ = √
2(xλ cos λ − xλ+π/2 sin λ) (21)

and
β − β∗ = √

2i(xλ sin λ + xλ+π/2 cos λ) (22)

which are substituted in the expressions for d and f in
Equation (17) when evaluating (19).

Accordingly, the probability distribution for the two
quadrature components xλ and xλ+π/2 is given by
W(xλ, xλ+π/2), which is aGaussian function in both vari-
ables, that is, the exponential factor in (19) is a quadratic
form in xλ and xλ+π/2. [See Equation (A9) in
Appendix 1.]

4. Field-quadrature variance

With the aid of successive derivatives of the characteristic
function χ(η), one obtains for the quadrature 〈x̂λ〉 and
the quadrature variance �x2λ

〈x̂λ〉 = Tr[ρ̂(t + τ)x̂λ] = 1√
2
[A(τ )e−iλ + A∗(τ )eiλ]

(23)
and

�x2λ = Tr[ρ̂(t + τ)(x̂λ − 〈x̂λ〉)2]

= (n̄ + 1/2)
(
exp [2(�τ + r)] sin2 (λ − θ/2) (24)

+ exp[−2(�τ + r)] cos2 (λ − θ/2)
)
,

where the quadrature operator x̂λ = (âe−iλ + â†eiλ)/
√
2.

The phase-sensitive quadrature operators represent a set

of observables that can be measured for radiation modes,
atomic motion in a trap and other related systems (6).

The average (23) and variance (24) can also be evalu-
ated with the aid of the probability distribution
W(xλ, xλ+π/2).

The expectation value of x̂λ is determined by the co-
herent amplitude α as well as the squeezing parameter
ξ , while the variance �x2λ, and hence the squeezing, de-
pends on the squeezing parameter ξ only. The product
of the variances of the two quadratures components x̂λ

and x̂λ+π/2 is bounded from below by the Heisenberg
uncertainty principle since

(�x2λ)(�x2λ+π/2) = (n̄+ 1/2)2
(
cosh2[2(�τ + r)] (25)

− cos2 (θ − 2λ) sinh2[2(�τ + r)]) ≥ (n̄ + 1/2)2 ≥ 1
4
,

where the first inequality becomes an equality for θ = 2λ.
The signal-to-noise ratio (7) is defined as:

SNR = 〈x̂λ〉2
�x2λ

. (26)

Thus, the maximum signal-to-noise ratio is:

SNRmax = |α|2
[
coth (r/2)(1 − e−�τ ) + (1 + e−�τ )

]2
(2n̄ + 1)e−2(�τ+r) ,

(27)
for ϕ = λ = θ/2. The result for the squeezed coherent
state, 4e2r |α|2, follows for τ = 0 and n̄ = 0.

5. Photon-number variance

Similarly, with the aid of successive derivatives of the
characteristic functionχ(η), the time development of the
photon number is given by:

Tr[ρ̂(t + τ)â†â] = 〈â†(τ )â(τ )〉 = 〈n̂(τ )〉

= (n̄ + 1/2) cosh[2(�τ + r)] + |A(τ )|2 − 1
2
, (28)

while the variance is:

�n2(τ ) = Tr[ρ̂(t + τ)(n̂ − 〈n̂〉)2]
= (n̄ + 1/2)2 cosh[4(�τ + r)]

+ (n̄ + 1/2)
(
2 cosh[2(�τ + r)]|A(τ )|2

− sinh[2(�τ + r)]
× [eiθA∗2(τ ) + e−iθA2(τ )]

)
− 1

4
. (29)

Note, contrary to the quadrature variance (24), the
photon-number variance (29) depends, in addition to the
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squeezing parameter ξ , also on the coherent amplitude α

via A(τ ) given by Equation (10).

6. Non-classicality criteria

A sufficient conditions for non-classicality is for the
quadrature of the field to be narrower than that for a
coherent state, that is,

�x2λ <
1
2
. (30)

Another sufficient condition is determined by the
Mandel QM(τ ) parameter related to the photon-number
variance (1)

QM(τ ) = �n2(τ ) − 〈n̂(τ )〉
〈n̂(τ )〉 , (31)

where −1 ≤ QM(τ ) < 0 implies that the field must
be non-classical with sub-Poissonian statistics. In the
Glauber–Sudarshan coherent state or P-representation,
non-classicality is signalled by the real function P(β) as-
suming negative values or becoming more singular than
a Dirac delta function. Note, however, that if both the
Mandel QM(τ ) parameter and the squeezing parameter
(�x2λ − 1/2) are positives, then no conclusion can be
drawn on the non-classical nature of the radiation field
(1).

The necessary and sufficient condition (3) for the ex-
istence of a real-valued P(β) is:

1 ≤ (2n̄ + 1)e−2(�τ+r). (32)

Accordingly, the necessary and sufficient condition for
non-classicality is then

(2n̄ + 1)e−2(�τ+r) < 1, (33)

which is the same, with the aid of (24), as that given
by condition (30) when θ = 2λ. If the non-classicality
condition (33) holds for τ = 0, then it holds for τ >
0. Therefore, the radiation field, if initially non-classical
remains so as time goes on. If the field is initially classical,
that is, (2n̄+1)e−2r ≥ 1, then for�τ > 1

2 ln[(2n̄+1)e−2r]
the radiation field behaves non-classically.

Note, however, that QM(τ ) need not mirror the
classical/non-classical behaviour dictated by criteria
(32)–(33) based on P(β). [See Figures 1 and 2]

7. Numerical comparisons

Owing to the equivalence for θ = 2λ of the non-classical
conditionx2λ < 1/2givenby (30) and thenon-classicality

criteria (33) based on the Glauber–Sudarshan P(β) func-
tion, we need to study only numerically the relation of
classicality ornon-classicality between the conditions based
on the P(β) and the QM(τ ) functions.

It is interesting that Equation (33) is independent of
the coherent parameter α, while the Mandel parame-
ter QM(τ ) is rather sensitive to the value of α. This is
so since the eigenvalues associated with the quadratic
form, appearing in the exponential of the Wigner func-
tion W(xλ, xλ+π/2) in (19), do not depend on A(τ ) and
so are independent of the value of the displacement pa-
rameter α. However, both the photon-number variance
n2(τ ) given by (29) and the average photon number
(28) do depend on the values of α and so does QM(τ ).

Figure 1 illustrates the case (2n̄ + 1)e−2r ≥ 1 where
QM(0) > 0 for all values of n̄ and r that satisfy inequality
(B2),which indicates that the systembehaves classically at
τ = 0. The behaviour ofQM(τ ) as a function of |α| shows
how the system goes from a strictly classical behaviour
for |α| < |αc| = 0.3494 (blue graph) as a function of τ to
a mixed classical/non-classical behaviour for |α| > |αc|
(green graph) as a function of τ . This behaviour ofQM(τ )

characterizes a phase transition as a function of |α| when
the system goes from a strictly classical behaviour to
one where the system exhibits, as a function of τ , both
classical and non-classical behaviours. This behaviour
of the Mandel parameter QM(τ ) as a function of |α| is
reminiscent of the Van der Waals equation of state with
the aid of the Maxwell construction whereby there exists
a critical temperature, where 1/|αc| play the role of the
critical temperature Tc , above which the system is in a
single phase and below which there are two coexisting
phases.

We consider, in Figure 2, the case (2n̄ + 1)e−2r < 1,
where QM(0), for given n̄ and r, can assume either posi-
tive or negative values as determined by inequalities (B2)
and (B3), respectively, and QM(0) = 0 if the inequalities
hold as equalities. Accordingly, depending on the value
of |α|, for given n̄ and r, the system behaves classically or
non-classically at τ = 0. There is a critical value |αc| such
that for |α| < |αc|, the system behaves strictly classical
(green andblue graphs); whereas for |α| > |αc| the system
is in a mixed classical/non-classical state (red and black
graphs). In contrast with the results of Figure 1, for (2n̄+
1)e−2r ≥ 1, in the case of Figure 2, for (2n̄ + 1)e−2r < 1,
we have an analogous transition at the critical point |αc|
but with the sign of QM(0) changing from positive to
negative values. Note that QM(0) remains positive for
the case of Figure 1 as the transition point is traversed.

Figure 3 shows sequence of plots for n̄ = 1 and r =
1 as the amplitude |α| increases past the critical value
|αc| = 9.7140 whereby the Mandel parameter QM(τ ), as
a function of τ , goes from exhibiting a strictly classical
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6 M. ALEXANIAN

Figure 1. Plot of QM(τ ) for n̄ = 0.2 and r = 0.1 with (2n̄ +
1)e−2r = 1.1462 > 1. (a) |α| = 0.3 (blue graph). (b) |α| = |αc| =
0.3494, where dQM(τ )/dτ = 0 and QM(τ ) = 0 at �τ = 0.3857
(red graph). (c) |α| = 0.4 (green graph).

Figure 2. Plot of QM(τ ) for n̄ = 0.1 and r = 0.2 with (2n̄ +
1)e−2r = 0.8044 < 1. (a) |α| = 0.3 (green graph). (b) |α| =
|αc| = 0.4961, where dQM(τ )/dτ = 0 and QM(τ ) = 0 at �τ =
0.2097 (blue graph). (c) |α| = 0.6507, where QM(0) = 0 (red
graph). (d) |α| = 1 (black graph).

behaviour for |α| < |αc| to amixed classical/non-classical
behaviour for |α| > |αc|.

It is important to remark that even though QM(τ )

exhibits classical behaviour, nonetheless, the radiation
field is non-classical since (2n̄ + 1)e−2r < 1. There is no
inconsistency since the negativity ofQM(τ ) is a sufficient
condition for the field to be non-classical, whereas, if
QM(τ ) > 0, no conclusion can be drawn about the non-
classicality of the radiation field (1).

Figure 3. Plot of QM(τ ) for n̄ = 1 and r = 1 with (2n̄ + 1)e−2r =
0.4060 < 1. (a) |α| = 12 (red graph). (b) |α| = |αc| = 9.7140,
where QM(0) = 0 (green graph). (c) |α| = 8 (blue graph).

8. Summary and discussions

We calculate the Wigner quasiprobability density (19)
and the corresponding field-quadrature (24) and photon-
number variances (29) forGaussian states, viz., displaced-
squeezed thermal states, where the dynamics is governed
solely by the general, degenerate parametric amplifica-
tion Hamiltonian (1). Our result (19) for the Wigner
function is exact and is based on dynamically generat-
ing the Gaussian state first from an initial thermal state
and subsequently determining the time evolution of the
system without assuming statically stationary fields.

We numerically analyse the conditions for non-
classicality as given by the Mandel parameter −1 ≤ QM
(τ ) < 0, squeezing parameter (�x2λ − 1/2) < 0, and
the non-classicality criteria (33) based on the Glauber–
Sudarshan quasiprobability distribution P(β). We show
that the latter condition by itself, albeit determining the
non-classicality of the radiation field, does not deter-
mine the classical/non-classical behaviour exhibited by
the Mandel parameter QM(τ ).

The non-classicality criteria (33) for the radiation field
based on P(β) is independent of the value of the dis-
placement parameter α. However, theMandel parameter
QM(τ ) has a sensitive dependence on the value of α.
We find a phase transition from classical to a mixed
classical/non-classical behaviour forQM(τ ), as a function
of τ , at |αc| so that for |α| < |αc|, the behaviour ofQM(τ )

is strictly classical, whereas for |α| > |αc|,QM(τ ) exhibits
both classical and non-classical behaviours even though
the radiation field is strictly non-classical.
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Appendix 1. Wigner function

In this appendix, we express the quadratic form appearing in the
exponential function in (19) explicitly in terms of the quadrature
components xλ and xλ+π/2. Now

E(xλ, xλ+π/2) ≡ a2f 2 + b2d2 + cfd

= ε(xλ,xλ)(xλ − 〈x̂λ〉)2 + ε(xλ+π/2,xλ+π/2)(xλ+π/2 − 〈x̂λ+π/2〉)2
(A1)

+ ε(xλ,xλ+π/2)(xλ − 〈x̂λ〉)(xλ+π/2 − 〈x̂λ+π/2〉),
where

〈x̂λ〉 = 1√
2
[A(τ )e−iλ + A∗(τ )eiλ], (A2)

〈x̂λ+π/2〉 = 1
i
√
2
[A(τ )e−iλ − A∗(τ )eiλ], (A3)

ε(xλ,xλ) = 2(n̄ + 1/2)
(
cos (2λ − θ) sinh[2(�τ + r)]

+ cosh[(2(�τ + r)]), (A4)

ε(xλ+π/2,xλ+π/2) = −2(n̄ + 1/2)
(
cos (θ − 2λ) sinh[2(�τ + r)]

− cosh[2(�τ + r)]
)
, (A5)

and

ε(xλ,xλ+π/2) = 4(n̄ + 1/2) sin (θ − 2λ) sinh[2(�τ + r)]. (A6)

One has that the Wigner quasiprobability density is given by:

W(xλ, xλ+π/2) = 1
π(n̄ + 1/2)

e−E(xλ,xλ+π/2)/(2n̄+1)2 , (A7)

where the five real, time-dependent parameters (A2)–(A6) can be
directly compared to the five real parameters appearing in the
generic Gaussian Wigner function (5).

The probability distributionPquad(xλ) for the quadrature com-
ponent x̂λ is:

Pquad(xλ) =
∫ ∞
−∞

dxλ+π/2W(xλ, xλ+π/2)

= 1√
2πx2λ

exp
(

− (xλ − 〈x̂λ〉)2
2x2λ

)
, (A8)

where 〈x̂λ〉 and x2λ are given by (A2) and (24), respectively.
Result (A1) for E(xλ, xλ+π/2) simplifies considerably for the

case of maximum signal-to-noise ratio when θ = 2λ and the cross
term ε(xλ,xλ+π/2) in (A6) vanishes, in which case

W(xλ, xλ+π/2) = 1
π(2n̄ + 1)

exp
(

− (xλ − 〈x̂λ〉)2
(2n̄ + 1)e−2(�τ+r)

)

× exp
(

− (xλ+π/2 − 〈x̂λ+π/2〉)2
(2n̄ + 1)e2(�τ+r)

)
. (A9)

Appendix 2. Phase transition

The Mandel parameter QM(0) follows from (31)

QM(0) =
(
(n̄ + 1/2)2 cosh (4r) + (

(2n̄ + 1)e−2r − 1
)|α|2

−(n̄ + 1/2) cosh (2r) + 1/4
)

(B1)

× 1
(n̄ + 1/2) cosh (2r) + |α|2 − 1/2

with θ = 2λ. The value of QM(0) can assume either positive or
negative values.

If QM(0) > 0, then

[1 − (2n̄ + 1)e−2r ]|α|2 (B2)

< (n̄ + 1/2)2 cosh (4r) − (n̄ + 1/2) cosh (2r) + 1/4.

Note that if 1 − (2n̄ + 1)e−2r ≤ 0, then QM(0) > 0 for all values
of |α|, n̄ and r provided n̄ ≥ (e2r − 1)/2. On the other hand, if
1 − (2n̄ + 1)e−2r > 0, then |α| must satisfy inequality (B2).

However, if QM(0) < 0, then

[1 − (2n̄ + 1)e−2r ]|α|2 (B3)

> (n̄ + 1/2)2 cosh (4r) − (n̄ + 1/2) cosh (2r) + 1/4,

which requires 1 > (2n̄ + 1)e−2r .
There are three possible behaviours of QM(τ ) as a function of

τ when QM(0) > 0, (i) QM(τ ) = 0 for two different values of τ ;
(ii) QM(τ ) vanishes for a single value of τ , at which both QM(τ )
and ∂QM(τ )/∂τ vanish; (iii) QM(τ ) > 0 for τ ≥ 0.

There is only one possible behaviour for the system when
QM(0)
< 0,QM(τ ) as a function of τ crosses the axis once when it assumes
a value of zero. Therefore, the Mandel parameter is negative and
so non-classical and remains so but as time goes the Mandel pa-
rameter becomes positive and so classical. Note that the radiation
field is non-classical since inequality (33) is satisfied but this does
not preclude thatQM(τ ) can behave classically as is shown in both
Figures 2 and 3.
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